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Structure
Numbers. Continuation

Dictionary

	№
	English
	Russian
	Kazakh

	16
	multiplication
	умножение
	

	17
	rational number
	рациональное число
	

	18
	algebraic number
	алгебраическое число
	

	19
	cut
	сечение
	

	20
	lower class
	нижний класс
	

	21
	upper class
	верхний класс
	

	22
	largest element
	наибольший элемент
	

	23
	smallest element
	наименьший элемент
	

	24
	real number
	действительное число
	

	25
	digit
	цифра
	

	26
	continuum
	континуум
	

	27
	vector 
	вектор
	

	28
	complex number
	комплексное число
	

	29
	imaginary number
	мнимое число
	


Unit A. Cardinal Numbers
Room 3.1. Number “zero”

We know that cardinality of the empty set is lass than cardinality of each non empty set.

Definition 3.1. Number “zero” is the cardinality of the empty set: 0 = [(].
Examples: set of positive numbers, which is lass than zero; set of dogs on the moon; set of people, which was born thousand years ago. 
Room 3.2. Natural numbers
By Cantor Theorem the cardinality of each set is lass than the cardinality of it’s Boolean, notably [X] < [(X)]. Then [(] < [(()].
Definition 3.2. Number “one” is the cardinality of the Boolean of the empty set:  1 = [(()].
The set (() has an element ( only. Each set Х, which is equalence to (() has the following form: 
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 The corresponding bijection 
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 is determine by equality Ах = (. Then the number “one” characterizes sets with unique element.

We could definite analogically the number “two” as the cardinality of the Boolean of the empty set. However the number “three” cannot be definite by this technique.

Question: Is there a united definition of natural numbers?
Definition 3.3. Let n be a number, which is the cardinality of a set X. The next number n' is called the cardinality of the set Y = Х({у}, where y is an arbitrary element, which is not contained to X. 
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Fig. 3.1. Definition of natural numbers.

Remark. The next number n' is written usually as n+1. However we do not know now that is a sum of numbers.
The set X of Definition 3.3 is the proper subset of Y. Then its cardinality is lass to the cardinality of Y.
Definition 3.4. The set X is called the finite, if it satisfies inequality 
[X] < [X({у}]. The set is called the infinite, if it is not finite.
Definition 3.5. A natural number is a cardinality of a nonempty finite set. 
The cardinality of a finite set is the number of its elements.

Remark. The number “one” can be interpreted as a set, a property, and an element (see Fig. 3.2).
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Fig. 3.2. Interpretation the number 1 as a set, a property, and an element .

Determine the set 
[image: image6.wmf]¥

0 = 
[image: image7.wmf]¥

({0}. The operator 
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 definited by the equality Аn = n', is the bijection (see Fig. 3.1). Then the set of natural number is infinite.
Definition 3.6. A set, which is equivalent to 
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, is called denumerable set. 
For all  XE "множество:счетное" denumerable set Х there exists a bijection 
[image: image10.wmf]:.

АX

®

¥

 We denote the image Аk by xk for all natural k. Then the set Х transforms to 
{x1, x2, ..., xk, ...}. This conception is called the sequence.
The set 
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 is equivalent to 
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. So it is denumerable.
Question. Is every infinite set is denumerable?
We know that the cardinality of a set is less than the cardinality of its Boolean by Cantor Theorem. So the set 
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 is not denumerable.

Example 3.1. We consider the set of all sequences of natural numbers. We suppose that it is denumerable. Then for all this sequence we can determine a concrete number n. Let this sequence is 
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 We consider the sequence 
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 It is determine a number k. So we obtain the equalities 
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,… The element of this sequence with number k satisfies the equality 
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 But this equality is false. Hence ous hypothesis of the denumerability of the set of all sequences of natural numbers is false too.
Unit B. Solutions
Room 3.3. Integer numbers
Definition 3.6. The sum х+у of cardinality х and у of disjoint sets Х and Y is the cardinality of its sum [X(Y]. 
The sum determnines the operation “addition”.
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Fig. 3.3. Sum of cardinalities.

Example 3.2 (task). We consider the sets
X = {x1, x2, ... , xm}, Y = {y1 , y2, ... , yn}, 

where
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Then Х and Y are disjoint sets. We find its sum
X(Y = {x1, ... , xm, y1, ... , yn}.

Thus
[Х] = m, [Y] = n, [X(Y] = m+n.

Hence, the number (cardinality) m+n is the sum of the numbers (cardinalities) m and n (see Fig. 3.3). 

Task. Proof of commutativity and associativity of the addition (see. Fig. 3.4 и 3.5).
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Fig. 3.4. Associativity of the cardinalities addition. 
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Fig. 3.5. Commutativity of the cardinalities addition. 
Task. Proof the property of the sum of cardinality with zero (see Fig. 3.6).
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Fig. 3.6. Sum of cardinality with zero.
We consider a number а(
[image: image23.wmf]¥

0. We determine the operator 
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It definites some equation.

Definition 3.7. The additional equation on 
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 is the problem of finding a number х from 
[image: image27.wmf]0

¥

 such that satisfies the equality
а + х = у
for given values 
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The additional equation on the set 
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 can have a solution (for example, if а = 2  and  у = З,  we have  х = 1). However it can be not any solutions (for example, if а = 2  и  у = 1). We would like that to have a solution of this equation for all parameters. Then we extend the set of numbers.

Definition 3.8. The set 
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of the integer numbers is the set of solutions of the additional equation for all 
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Example. I have some money. I receive 3 pounds. Now I have 2 pounds. How many pouinds I had before? We have an additional equation 3+х = 2. What is its solution? In really I had the debt – 1 pound. I received 3 pounds. I paid back my debt. Then I have 2 pounds. So I had -1 pounds before.
Each natural number and zero are integer numbers because it is solution of an additional equation with а(у. Natural numbers are called positive integer numbers. For all natural number a we determine the negative integer number –а as the solution of the equation а + х = 0.   
The set 
[image: image33.wmf]¢

can be transformed to 
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 = { 0, 1, -1, 2, -2, ... }.

Then it is represented as a sequence. So the set 
[image: image35.wmf]¢

 is denumerable.
We would like to extend the set of numbers. We obtained the set of integer numbers as solutions of additional equations with natural parameters. May be we shall extend the set 
[image: image36.wmf]¢

 with using of the additional equation with integer parameters. However we don’t know, what is the sum of integer numbers?
Let x, x' be integer numbers. Them there exists elements a, y, a', y' from 
[image: image37.wmf]¥

0 such that
a + x = y,  a' + x' = y'.

Definition 3.8. Sum x + x' of integrar numbers x and x' is the solution z of the additional equation
(a + a') + z = (y + y').
The sum of integer numbers is an integer number too because of the inclusions of the elements a+a' and y+y' to the set 
[image: image38.wmf]¥

0 (see Fig. 3.7).
The associativity and the commutativity of the addition for integer numbers can be proved with using of the analogival properties of this operation for natural numbers and the definition of the sum for integer numbers. 
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Fig. 3.7. The addition of integer numbers.
For all 
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 we determine the number –a. It is the corresponding negative number, is a is natural number, zero for 
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, and the natural number x such that -х = а for negative x. Then we obtain
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We denote у–а the sum (-а) + у. Prove the integral number 
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 is the solution of additional equation 

а + х = у
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Hence the solution of additional equation with integer paramets is integer. Thus we cannot to extand the set of integer numbers with using of the additional equation. 
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Fig. 3.8. Additional equation can extend the set 
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Next extension of set numbers can be realized by means of other operation. 

Room 3.4. RATIONAL NUMBERS
We definite the propuct on the cardinality set Сard (see Fig. 3.9).
Definition 3.9. The propuct х(у of cardinality х and у of sets Х and Y is the cardinality of its product [X(Y].

Thus it is definite an operation “multiplication” on the set Сard.
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Fig. 3.9. Multiplication of cardinalities.

Example 3.3 (task). We consider the sets.
X = {x1,x2},  Y = {y1,y2,y3}.

What is the propuct of its cardinalities?

We note the following properties of the multiplication of cardinalities (see Fig. 3.10 - 3.12):
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Fig. 3.10. The associativity of the multiplication of cardinalities.
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Fig. 3.11. The commutativity of the multiplication of cardinalities.
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Fig. 3.12. The multiplication cardinality by unit.

Question: What is the product of integer numbers?
Definition 3.10. The propuct х(у of integer numbers х and у is definite as before, if these numbers are natural or zero. It equals to -(х((-у)) if 
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;  and (-х)((-у)  if х, у(
[image: image57.wmf]¥

0 .
Let a be integer number. We dedermine operator А :
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 by equality 

Ах = а ( х  ( х(
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Definition 3.11. Multiplicational equation on the set 
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is the problem of the finding of an element x such that
а ( х = у                                             

for given integer number y.
We don’t consider the case 
[image: image62.wmf]0,

а

=

 because the corresponding multiplicational equation has a solution only for 
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The multiplicational equation on the set 
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can be sokvable on the set of integer numbers (for example, for 
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. But it can be unsolvable (for example, for 
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Definition 3.12. The set of rational numbers is the set of solutions of the multiplicational equation for all а(
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Example. We have two apples for three persons. How many apples will be received each person?

Each integer number is rational because it is the solution of the multiplicative equation for 
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We determine the multiplication of rational numbers. For all x, x'(
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 there exist integer numbers a, a', y, y', where 
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 such that 
 а(х = у, а'(х' = у'. 
Definition 3.13. The product x ( x' of the rational numbers x and x' is (see Fig. 3.13) the solution z of the multiplicational equation
 (а ( а') ( z  =  (у ( у').
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Fig. 3.13. The product of rational numbers.
We can prove the assiciativity and the commutativity of the multiplication.

Let x be a nonzero rational number. Then there exists numbers а, у(
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\{0} such that а(х=у. Inverse number х-1 is the rational number z, which is the solution of the equation у(z = а. We have 
(а ( у) ( (x ( х-1)  =  (а ( у)

because of the assiciativity and the commutativity. Then

x ( х-1  =  1  (х(
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For all а(
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\{0}, у(
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 the number х = а-1(у  is the solution of the multiplicational equation. Indeed we have
а ( (а-1 ( у)  =  (а ( а-1) ( у  =  1 ( у  =  у.

This solution is denoted by у/а.
Question. What is the cardinality of the set of rational numbers?

The set of rational numbers can be thansform to the following form
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 = {0, 1, -1, 1/2, -1/2, 2/1, -2/1, ... , y/a, -y/a, a/y, -a/y, ... }.

Then it is denumerable.

We tray extend the set 
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 by means of the multiplicational equation. However it has the rational solution у/а for all а(
[image: image81.wmf]¤

\{0}, у(
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. Then the set of the rational numbers cannot be extended with using of the multiplication (see Fig. 3.14).
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Fig. 3.14. Multiplicational equation extends the set 
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We tray now extend the set 
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 by means of the additional equation. For all rational numbers  х = у/а, х' = у'/а' we definite its sum by the equality
х + х'  =  (а ( у'  +  а' ( у) / (а ( а').

Then for all 
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. Thus the set 
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 cannot be extended by means of the additional equation.
Room 3.5. ALGEBRAIC NUMBERS
Definition 3.14. The n order algebraic equation on the set 
[image: image94.wmf]¤

 is definite by equality
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where n(
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, аi is rational number, i = 0,...,n, and хm is a corresponding degree of the parameter x. 

Definition 3.15. The set of algebraic numbers is the set of all solutions of the algebraic equation on the set of the rational numbers.
Question: Is an arbitrary rational number is algebraic?
The algebraic equation transforms to multiplicational one for n = 1. So each rational number is algebraic.
Example 3.4. Let n = 2. If а0 = -2, а1= 0, а2 = 1 we obtain the solution 
х = (2. If а0 = 1,  а1 = 0, а2 = 1, we get х = i. Hence the set of all algebraic numbers is larger than the set 
[image: image97.wmf]¤

.
The set of all algebraic numbers is denumerable.

Unit С. Cuts  

Room 3.6.  REAL NUMBERS
We know the relation SYMBOL 163 \f "Symbol" for the set of all cardinalities Card and its subset 
[image: image98.wmf]¥

0. We shall extend it to the set of rational numbers. 

Question: How the compareson of rational numbers can be determined?

Consider the set of non negative rational numbers.

[image: image99.wmf]+

¤
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, y(
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0}.

We said that the inequality х(у is true for rational numbers х and у if there exists a number 
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such that x + z = y. If  х(у and х(у we denote x<y.

Definition 3.16. The pair of non empty subsets Y and Z of the set 
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 is called the cut of the set of rational numbers if the following properties are true:
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 y<z (y(Y, z(Z.

Tht set Y is the lower class of the cut, and the set Z is its upper class. 
This cut denotes by Y|Z.
Definition 3.17. An element х is called largest on the subset M of 
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, if у(х for all у(М. It is smallest on M, if х(у for all у(М.
Let x be an arbtrary rational number. We consider the sets
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It determines the cuts Y1|Z1 and Y2|Z2 of the set of rational numbers, besides the set Y1 has a largest element, and the set Z2 has a smallest element. 
We consider now the sets
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It determines too the cut Y|Z of the set 
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. However it is not determined by a rational number. Besides its lower class does not have a largest element, and its upper class does not have a smallest element.
There exist two classes of cuts. 
Definition 3.18. The cut is called rational if it is determined by a rational number. The cut is called irrational if it can be not determined by a rational number. A cut of the set of rational numbers is the real number.
What is the cardinality of the set 
[image: image109.wmf]¡

of real numbers? The bijection between the set 
[image: image110.wmf]¡

 and unit interval 
 (0,1) = {х(
[image: image111.wmf]¡

| 0<x<1}

can be determine by the function f(x) = ctg((x). Then these sets have a same set. Let it be denumerable. Then this interval can be transformed to a sequence {xk}. Each number xk((0,1) can be denoted as the decimal number
xk = 0.xk1xk2 ... ,

where  xki is a decimal digit. We determine the following number
у = 0.у1у2 ... .
The digit у1 is not equal to x11 here; digit у2 is not equal to x22, etc. Then the number y is not equal to xk because it differs in the digit k at least. Thus the number y is not including to the sequence {xk}, notably to the interval (0,1). However it is the number from this interval. Therefore our assumption about the denumerability of the interval (0,1) and the set of all real numbers is false.
Definition 3.19. The cardinality of the set 
[image: image112.wmf]¡

is called the continuum XE "континуум" .
We shall determine other properties of the set 
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. We consider the set

[image: image114.wmf]{

}

| | 

YZZ

++

=Ì

¡¤


of nonnegative real numbers. We say that the property х(у is true for real numbers х and у if there exists a number 
[image: image115.wmf]z
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Î

¡

such that x+z = y. If  х(у and х(у we denote x<y as before. We can try to determine cuts on the set of all real numbers. However each real number determines two cuts. One of them has a lower class with largest element, and second of them has an upper class with smallest element. So the extension of the set of real numbers is impossible with using of cuts.
We determine operations on the set 
[image: image116.wmf]¡

 now. Let х and х' be real numbers determined by cuts Y|Z and Y'|Z' of the set 
[image: image117.wmf]¤

. 
Definition 3.20. The sum х+х' is the number, which satisfies the condition 
у + у' ( х + х' ( z + z'  (y(Y, z(Z, y'(Y', z'(Z'.
The sums у+у' and z+z' of the corresponding rational numbers are determined by standard technique. So the term х+х' is a cut of the set 
[image: image118.wmf]¤

 (see Fig. 3.15). Then it is a real number. Now we can determine the additional equation а+x=y on the set of real numbers. We can prove that it has a real solution x for all real parameters а and y. Hence the set of real numbers can be not extended by means of the additional equation.

[image: image119.wmf] 

 x

 

o

 

o

 

o

 

o

 

 z

 

 y

 

Z

'

 

Z

 

o

 

o

 

Z+Z'

 

x+x'

 

z+z'

 

y+y'

 

Y+Y'

 

x'

 

z'

 

y'

 

Y'

 

Y

 

(

x

+

x

') = (

Y

+

Y

')|(

Z

+

Z

')

 

x

' = 

Y

'|

Z

'

 

x

 = 

Y

|

Z

 


Fig. 3.15. The addition of real numbers.

We can definite analogically the propuct of real numbers, and prove that the set 
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 can be not extended by means of the multiplicational equation. It can be extended with using of the algebraic equation. However the next set of complex numbers is definite by means of other method. 
Unit D. Vectors
Room 3.7. COMPLEX NUMBERS
Definition 3.21. The set of all pairs z = (x,y) with addition and multiplication, which are determined by equalities  
z + z'  =  (x,y) + (x',y')  =  (x + x', y + y'),

z ( z'  =  (x,y) ( (x',y')  =  (x ( x'  –  y ( y',  x ( y' + x' ( y),
is called the set of complex numbers 
[image: image121.wmf]£

.

We have
 (х,0) + (x',0) = ( х + x',0 );  (х,0) ( (x',0) = (х ( x',0).

for all real numbers х, x'. Then a complex number (х,0) is the analogue of the real number х. Besides we obtain
 (0,1) ( (0,1)  =  (0(0 – 1(1, 0(1 +  0(1)  =  (-1,0).

The number (0,1) is called the imaginary unit. It is denoted by i. Then the last equality can be transformed to i2 = -1. The complex number (0,у) is called the imaginary number. A complex number z = (x,y) is denoted by z = x+iy.
Question: What is the cardinality of the set 
[image: image122.wmf]£

? 

It is obviously that the set 
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 is equivalent to the Euclid plane 
[image: image124.wmf]2

¡

. This plane is equivalent to the unit square (0,1)2. Each number х((0,1) can be transformed to х = 0.х1х2 ..., where хi  is a decimal digit. We dedermine the operator А : [0,1] ( [0,1]2  by equalities Ax = (y,z) , where y = 0.x1x3… , 
z = 0.x2x4… (see Fig. 3.22). It is ther bijection. The corresponding inverse operator maps an arbitrary point of the unit square with coordinates 
y = 0.у1у2… , z = 0.z1z2… to the point х = 0.у1z1у2z2… of unit interval. So the set of all complexe number is equivalent to the unit interval. Then its cardinality is the continuum.
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Fig. 3.22. The bijection between the unit interval and the unit square. 
We consider the algebraic equation

a0  +  a1 ( z  + ... +  an ( zn  =  0                              

on the set 
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. This is the problem of the finding the complexe number z(
[image: image127.wmf]£

 such that satisfies this equality for given values a0, a1, ... , an (
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. By D’Alambert – Gauss Theorem for all a0, a1, ... , an (
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 it has a solution z(
[image: image130.wmf]£

. Then the set of all algebraic numbers is the subet of 
[image: image131.wmf]£

. Its corollary is the General Theorem of Algebra: each n-order algebraic equation with complex parameters has n complex solutions.
We could definite more large sets of numbers. For example, quaternion is determined by four real numbers.
We shall consider different mathematical objects in the next floor. It will be arbitrary sets which have some properties of numbers.
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